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The problem of defining an average diffusion coefficient of a gas arises in the application of 
the film resistance model for mass transfer to systems involving multicomponent mixtures of 
simultaneously diffusing gases and in the application of mass, momentum, and heat transfer 
analogies in such systems. It is  shown that, in some cases, integration of the diffusion equation 
with an average value of the diffusion coefficient will not be valid. An approximate solution of 
the diffusion equation is  obtained with the concentration dependence of the diffusion coefficient 
taken into account. Some numerical examples are constructed for comparison of this method and 
several methods for defining an average diffusion coefficient with an exact solution of the Stefan- 
Maxwell relations. 

The problem of defining an average 
diffusion coe5cient of a gas arises in 
the application of the film resistance 
model tor mass transfer and in the use 
of mass, momentum, and heat transfer 
analogies in systems involving multi- 
component gas mixtures. 

For diffusion of a component through 
a mixture of gases, in accordance with 
the concepts of Stefan and Maxwell 

If Dlcj is the diffusion coefficient for 
equimolar counter diffusion in a two- 
component system of k and i as defined 
bv Fick's law 

then it follows from the above that 

For the case of steady state diffusion 
combined with bulk gas flow the dif€u- 
sion equation is generally written in 
the form 

--- dyk  +N,y. (4)  
RT dx  

that is the diffusion effect and the bulk 
flow effect are considered additive. The 
above is restricted to steady state uni- 
directional transfer of ideal gases at 
constant temperature and pressure. It 
should be noted that the appropriate 
velocity is the mole average velocity 
and not the mass average velocity of 
the equations of motion. The equations 
should be modified by the introduction 
of the appropriate molecular weight 
ratios before use in mass, momentum, 
and heat transfer anal0 ies. This E ua- 

one introduces a definition 
tion (4) is taken as de P ning D,. W 1 en 

N k  
+k = - 

N t  

there results 

This equation may be integrated 
over the effective film thickness, and 
if it is assumed that some average 
value of the diffusion coefficient can be 
used, this yields 

The presence of the logarithmic mean 
term (film pressure factor divided by 
the total pressure) allows a correction 
for the effect of bulk flow on the mass 
transfer rate. This correction is equiva- 
lent to the corrections summarized by 
Bird, Stewart, and Lightfoot ( 2 ) ,  where 
the mass transfer coefficient in the 
limit of N, = 0 is corrected for finite 
total mass transfer. 

In terms of the usual mass transfer 
coefficient defined by the equation 

this vields 
N r  kJ'(tjw - tjm) ( 8 )  

as the expression for the mass transfer 
coefficient under the assumption of a 
film resistance model. 

The individual diffusion coefficients 
are usually known experimentally or 
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Fig. 1. Composition vs. distance, example 1. 

can be estimated, as for example from 
the results of kinetic theory obtained 
by Hirschfelder, Bird, and Spotz ( 4 ) ,  
and are known to vary only slightly 
with composition. Substituting Equa- 
tions (3) and (5) into the Stefan- 
Maxwell relation (1) one obtains 

dy* 2 RAT -p -=  - 
dx i+k PD,, 

is obtained as an exact expression for 
Dk at any point in the fihn under the 
assumption of validity of the Stefan- 
Maxwell relation. Equation (12) is the 
special one-dimensional case of the 
general tensor expression for Dr ( I ,  3 ) .  

Wilke (7) has presented approxi- 
mate methods for estimating3, when 
several components are difEusing simul- 
taneously. The use of Wilke's defini- 
tions results, when rearranged, in 

- 

It is evident, by comparison with Equa- 
tion (12), that the definitions of Wilke 
correspond to an average value in terms 
of arithmetic mean compositions. An 
approximate method for obtaining an 
average value of Dk for a three-com- 
ponent system is also suggested by 
Bird, Stewart, and Lightfoot ( 1  ) based 
on the exact relations (12) expressed 
in terms of concentration gradients 
rather than ratios of mass transfer 
fluxes. Its use eliminates the trial and 
error generally involved in obtaining 
the mass transfer ratios if the over-all 
average concentration gradients are 
used rather than the more correct point 
values. 

However the use of this above aver- 
age, or any average value of / .Jk, may 
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cause the integration of Equation ( 6 )  
to be divergent. This will be true for 
situations for which yk is equal to +k at 
some point in the interval. For these 
cases (1 - yk/dk) will change signs in 
the interval, and the logarithmic mean 
film pressure factor is no longer de- 
fined. [If the Cauchy Principle Value 
of the integral from Equation ( 6 )  
exists, as it will in most cases, it may 
be used to redefine the logarithmic 
mean. It will be seen that this may 
lead to results which are in consider- 
able error.] The difficulty arises only 
because of the use of an average value 
of D,; otherwise the term (1 - yk/+k) 
in the numerator of Equation (12) will 
cancel at  every point the same term in 
the denominator of Equation (6) .  Also 
the problem does not arise when Dk is 
constant or nearly so, as in this case 
there can be no solutions for which 
yk is equal to +k within the a m .  

The solution of the problem lies, in 
the most general case, in the solution 
of the simultaneous differential equa- 
tions arising from the application of 
the Stefan-Maxwell relatlon to each 
component in turn plus one (or per- 
haps several) additional relations be- 
tween the mass transfer rates. In most 
cases this will involve considerable 
labor because the ratios of the rates of 
mass transfer, +j, must be found by 
successive trial and error or through 
the combination of many independent 
numerical solutions of the difkerential 
equations. 

An approximate solution may be 
found as follows. From Equation (6) 
N ,  = 

TABLE 1. MASS TRANSFER COEFFICIENT 

Component kg x 10' - mole/sq. cm.-sec.-atm. 
Method Mole fraction 

x = o  x = L  1 2 3 4 5 

1 0.100 0.033 (-99.4)* (-55.2)O (12.4)O 43.8 43.6 
2 0.200 0.721 58.5 53.1 57.6 65.0 61.7 
3 0.700 0.246 188.2 182.8 177.3 178.1 192.8 

* Required redefinition of log-mean film pressure factor. 

where s may be any component other 
than k. For a two-component system 
the last term is zero, and the expres- 
sion is linear in t j k .  For many compo- 
nents, and with Da8 chosen as an inter- 
mediate value, the last term in Equa- 
tion (16) will have some positive and 
some negative values, tending to cancel. 
Even when these terms do not cancel, 
the values of the yI are strictly bounded 
by zero and one and are usually known 
at the two ends of the interval. If the 
last term in Equation (16) is taken to 
be approximately linear in y k ,  the en- 
tire expression will be approximately 
linear in yk. With this approximation 
there resulk, upon integra&n of Equa- 
tion (14) 

or in terms of a mass transfer coeffi- 
cient 

When one uses 

x - C E N T I M E T E R S  

Fig. 2. Diffusion coefficient vs. distance, com- 
ponent 1, example 1 .  

(18) 
A numerical example will help to 

illustrate the points in the above pres- 
entation. The following values were 
chosen arbitrarily for a three-compo- 
nent system, the composition at  x = L 
being fixed by the exact solution of the 
Stefan-Maxwell relations: 

TABLE 2. MASS TRANSFER COEFFICIENT 
kg x 10' g.-mole/sq. cm.-sec.-atm. 

Method 
1 2and3 4 5 

kg x 1P 137.8 80.7 84.3 84.9 
error 7% 62.4 4.9 0.7 

and 

so that at x = L the film thickness 

y3 = 1 - y 1 -  y z  

yl = 0.0331 
yz = 0.7210 
y8 = 0.2459 

A plot (Figure 1) of mole fraction 
vs. distance shows no unusual behavior. 
However the diffusion coefficient for 
component 1 defined by Equation (4) 
is negative over a considerable region 
(Figure 2)  and thus does not have the 
usual physical significance of a diffu- 
sion coefficient. I t  tends to become 
only a mathematical entity. 

Component 1 is of special interest 
because C1 is between yl at x = 0 and 
yl at x = L. Values of the mass transfer 
coefficients are compared below (Table 
1) with the value corresponding to the 
true solution of the Stefan-Maxwell 
relations under the assumption that the 
true values of the mass transfer ratios 
+k and +, are known. In a particular 
case these would have to be found by 
trial and error, first by assuming values 
of N , ,  calculating and then recalcu- 
lating NJ until the approximate Equa- 
tion (7) or (17) is satisfied. I t  should 
be noted that use of Equation (7 )  can 
never produce a value of 4% between 
yal and y.. and will therefore produce 
additional error in the calculated rates 

P = 150 mm. Hg (0.197 atm.) T = 40°C. (313°K.) 
RTN, 

P 
- = 15.0 cm./sec. or N t  = 11.526 X 10" g.-moles/sec.-sq. cm. 

L = 0.1 cm. 
D, = 1.000 
D ,  = 5.000 
D s  = 3.000 

= 0.05 
4 2  = - 0.55 
43 = 1.50 

a tx  = 0 
y1= 0.1000 
y2 = 0.2000 
y3 = 0 . 7 0 0  

With these values an exact solution of 
the set of simultaneous differential 
equations yields 

for the other components which is not 
evident in the comparison below. 

yl = 0.0500 - 0.0562 exp. (+ 5.122~)  + 0.1062 exp. (- 3.222~) 
y2 = - 0.0550 + 0.6257 exp. (+ 5.122~) - 0.3707 exp. (- 3.222~) 
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The following methods for estimat- 
ing the mass transfer coefficients are 
compared. 

1. Use of Equation (9)  with the 
diffusion coefficients averaged with 
respect to arithmetic mean mole frac- 
tions. 

2. As in 1 with the diffusion coeffi- 
cients averaged for each component as 
if the other components were stagnant 
[Equation (13) with +k = 1, & = 0 
for i z k]. 

3. AS in 1 with the average diffusion 
coefficient from Wilke’s film pressure 
factor method [Equation (13)]. 

4. Use of Equation (18) as de- 
veloped in this paper. 

5. Exact or true value from the solu- 
tion of the Stefan-Maxwell relations. 

A t x = O  A t x =  L 

Those cases for which the logarithmic 
mean film pressure factor is undefined 
have been indicated with an asterisk, 
and values were calculated with the 
principle value of the integral from 
Equation (6). (See Table 1.) 

It  is evident that while the film pres- 
sure factor method, method 3 above, 
ic  an improvement over the crude 
forms, methods 1 and 2, it is still in 
considerable error for component 1. 
This is because, as pointed out earlier, 
no average value of D, will give a sat- 
isfactory result for cases in which +, = 
y. at some point in the film. For the 
other components all of the methods 
give reasonable results for the values 
chosen here. 

This would lead to the conclusion 
that Equation (4) is no longer satis- 
factory for defining D, for component 
1 and that for cases of this type the 
mass transfer coefficient has more sig- 
nificance than an average diffusion co- 
efficient. The problem is avoided if it 
is kept in mind that Equation (4) de- 
fines D, at a point and that with respect 
to integration the ratio D J P ,  has more 
significance than either D, or ( P f ) l m  
separately. 

While the above example clearly 
shows the conditions under which the 
use of an average diffusion coefficient 
breaks down, it is not a convincing test 
of the general applicability of Equa- 
tion (18) because of the nearly linear 
concentration profiles. An additional 
example was constructed in which the 
curvatures of the concentration profiles 
are more pronounced (Figure 3). The 
figures given below correspond to dif- 
fusion of component 1 through a stag- 
nant film of components 2 and 3 and 
were chosen for bonvenience, except 
for the values of y at x = L which are 
from an exact solution. The pressure, 
temperature, and mutual diffusion co- 
efficients are the same as for the pre- 

X - C E N T I M E T E R S  

Fig. 3. Composition vs. distance, example 2. 

vious example: 

g.-moles 
sec.-sq. cm. 

for N = 10.06 X 10“ 

y1 = 0.600 y* = 0.000 
yz = 0.200 tjs = 0.738 
y8 = 0.200 ya = 0.262 

The mass transfer coefficients for com- 
ponent 1 are compared as before. For 
this case methods 2 and 3 reduce to 
the same equations. (See Table 2). In 
this example only method 1 is in con- 
siderable error. 

In summary, for situations involving 
simultaneous diffusion of several com- 
ponents it is generally proper to con- 
sider the concentration dependence of 
the diffusion coefficient rather than to 
make use of an average value. It is 
suggested that the approximate rela- 
tion, Equation (17),  will be useful for 
many engineering applications, espe- 
cially in situations where some rela- 
tionships between the mass transfer 
rates are determined by other considera- 
tions, for example chemical reaction. 
For other cases the trial-and-error or 
iterative procedure required to deter- 
mine the mass transfer ratios may or 
may not converge to the values which 
are true (approximate) solutions of the 
Stefan-Maxwell relations. For example 
N ,  = 0 is always a solution of Equa- 
tion (17) but may not be a solution of 
the Stefan-Maxwell relations. This dif- 
ficulty is considered in more detail by 
Toor (6). 

The use of Equation (17) is equiva- 
lent to using an average value of the 
ratio (DJP,) rather than averaging 
D, and P, separately. The result is ex- 
act if there are only two components or 
if all of the binary diffusion coefficients 
are equal. 
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NOTATION 
C&, = concentration of components 

k and i, g.-mole/cc. sq. cm. 
Dk = effective df i s ion  coefficient 

for component k, sq. cm./ 
sec. 

= diffusion coefficient for equi- 
molar counter diffusion of 
components k and i, sq. cm./ 
sec. 

= average value of Dr with re- 
spect to integration, sq. cm./ 
sec. 

k, = mass transfer coefficient, 
mole/sq. cm.-sec.-atm. 

L = effective diffusion path 
length, cm. 

NJV, = mass transfer rates of com- 
ponents k and f ,  g.-mole/ 

DrJ 

- 
Dr 

- 
sq. cm.-sec. 

g.-mole/sq. cm./sec. 
= total mass transfer rate, 

= total pressure, atm. 
= partial pressure of compo- 

= film pressure factor, equal to 

= gas constant, equal to 82.06, 

= temperature, OK. 
= net velocity of components k 

and f, cm./sec. 
= distance coordinate, cm. 
= mole fractions of components 

k and f, dimensionless 

nent k, atm. 

P ( 1 - yJ+,), atm. 

atm.-cc./g.-mole-OK. 

_ _  
yk,y, = arithmetic mean mole frac- 

tions based on the terminal 
conditions of the film 

a,, = proportionality constant in 
the Stefan-Maxwell relation, 
aim.-sec.-cm.’/g.-molea 

= ratios of mass transfer rates, 
dimensionless 

+& 
Subscripts 
1,2,3 = property of component 1, 2, 

and/or 3 
5 i . s  = property of component k, i, 

and/or s 
k,,k, = property of component k 

evaluated at x = 0 and x = 
L respectively 

Zrn = logarithmic mean 
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